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Let B > 1. Frougny and Solomyak introduced the following conditions:
(F;) N cFin(B)

(PF) Zaolf™] © Fin(B) where ool = ) aih™ | ay € Zao)
k=1

(F) 26~ oo © Fin(B) where Z[F oo = () axf™ | ax € 2} [0,0)
k=1

where Fin(p) is the set of nonnegative number x such that x has a finite f-expansion. (F;) includes the other
properties and it is known that B is an algebraic integer if g € (F,). So B € (PF) is equivalent to Z.o[871] =
Fin(B), and B € (F) isalso equivalentto Z[B7 1], = Fin(B). In addition, if B € (F,), then B isalso a Pisot number.

Summarizing these results, we have the following table.

Class Algebraic structure of Fin(g) Sufficiency for (F) | Sufficiency for (PF)
(F,) | Pisot ? ? ?
(PF) | Pisot Closed under addition & multiplication dg(1) is finite —
(F) | Pisot | Closed under addition, multiplication & subtraction — —

Here closed under subtraction means that if x,y € Fin(B) (x < y), then y — x € Fin(B).
(F1) is notyet known. However, I recently found a g € (F;) \ (PF). So I will work on the following projects related

to (Fy).
1. Necessity and Sufficient condition for property (F;)

da d-1

Let f>1 be an algebraic integer with minimal polynomial x

(ll' lz, ey ld—l) € Zd_l, define T by

—ag_1x* 1 —--—a;x—ay, and for l=
(D) = Iz, lg—1, = [ADD
where A(1) = 1- (apB™ Y a1871 + apB2, -+, aq_f~ 1 + -+ apf~%*1)

where - is inner product. Then 7 is the transformation on Z%" !, corresponding to f-transformation T. In
addition, letting {A}() := {A(D)}, we have the following commutative diagram.

74-1 5 7d-1

Bl {3

Fin(B) n [0,1) 2 Fin(8) N [0,1)
Thus {2}(Fz) c Fin(B) N [0,1) where Fg:={l € Z*"' |3k = 0; T¢(I) = 0}. Now define
Qp ==y, la-1) €297 YHoy st Iy =1 loyq € {t(l), T (1)} & 1y = €}
where e:= (0,---,0,1) € Z¢ 1 & t*(): = —1(=1).

It is known that Qg is a finite set when g is a Pisot number. By my research,

r
%' (Pg) < P & {Z a,t(e) lay € Zo} N [=6,6]%7" < Fp
n

where Pg:={L € Qg| 3k > 0; (D) = I} & & = max{|;| | (14, 15,, l4-1) € Pg}
is a sufficient condition for (F,). Currently, I expect that above conditions are equivalent to B € (F;) \ (PF). So |
aim to solve this problem as my future work.
2. An algebraic structure of Fin(B) under property (F,)
For B € (F,), the algebraic structure of Fin(B) still remains as an unsolved problem. However, I expect that if
B € (F,), then Fin(pB) is closed under multiplication. So I will try this problem as one of my future work. In addition,

I plan to consider the equivalent condition when Fin(f) is closed under multiplication.



