
ରশۭؒͱΧϯυϧೖ໳

ాؙ ത࢜ (େཱެࡕେֶ)

֓ཁ

ରশۭؒ͸, ֤఺ʹ͓͍ͯ఺ରশΛ΋ۭͭؒͰ͋Δ. Χϯυϧ͸, ݁ͼ໨ʹ༝དྷ͢

Δ৚݅ΛΈͨ͢ೋ߲ԋࢉΛ΋ͭू߹Ͱ͋Δ. ఺ରশΛೋ߲ԋࢉʹಡΈସ͑Δ͜ͱʹΑ

Γ, ରশۭؒ͸ΧϯυϧͱͳΔ. ͜ͷٛߨͰ͸, ͦΕͧΕͷఆٛΛड़΂, యܕతͳྫΛ

঺հ͢Δ.

1 Πϯτϩ

ରশۭؒ͸, ଟ༷ମ൛΍ϦʔϚϯଟ༷ମ൛ͳͲ, ༷ʑͳ৔߹͕͋Δ͕, ·ͣ͸࠷΋جຊత

ͳ “ू߹ͱͯ͠ͷ” ରশۭؒͷఆٛΛड़΂Δ.

ఆٛ 1.1. X Λू߹, s : X → Map(X,X) ͱ͢Δ. ͜ͷͱ͖ (X, s) ͕ (ू߹ͱͯ͠ͷ)

ରশۭؒ ͱ͸, ҎԼ͕੒Γཱͭ͜ͱ:

(S1) ∀x ∈ X, sx(x) = x;

(S2) ∀x ∈ X, s2x = id.;

(S3) ∀x, y ∈ X, sx ◦ sy = ssx(y) ◦ sx.

ࣸ૾ sx : X → X Λ x ʹ͓͚Δ఺ରশͱ͍͏. ͢ͳΘͪ, ରশۭؒͱ͸, ֤఺ʹ͓͍ͯ

“఺ରশ” Λ΋ۭͭؒͰ͋Δ.

ྫ 1.2. ϢʔΫϦουۭؒ Rn ্ʹ఺ରশΛ sx(y) = 2x− y ͰఆΊͨ΋ͷ͸ରশۭؒ.
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΋͏Ұํͷొ৔ਓ෺͸ΧϯυϧͰ͋Δ. Χϯυϧ͸, ॴఆͷੑ࣭ΛΈͨ͢ೋ߲ԋࢉΛ΋

ͭू߹ͱͯ͠ఆٛ͞ΕΔ.

ఆٛ 1.3. X Λू߹, ∗ : X ×X → X ͱ͢Δ. ͜ͷͱ͖ (X, ∗) ͕ Χϯυϧ (quandle)

ͱ͸, ҎԼ͕੒Γཱͭ͜ͱ:

(Q1) ∀x ∈ X, x ∗ x = x;

(Q2) ∀x, y ∈ X, ∃1z ∈ X : z ∗ x = y;

(Q3) ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).

Χϯυϧͷ֓೦͸, ݁ͼ໨ͷڀݚͷ՝ఔͰಋೖ͞Εͨ΋ͷͰ͋Δ. ,ࡍ࣮ ͜ΕΒࡾ৚݅͸

݁ͼ໨ͷ Reidemeister มܗͱରԠ͢Δ (ຊٛߨͰ͸౿Έࠐ·ͳ͍͕).

໋୊ 1.4. (X, s) Λ (ू߹ͱͯ͠ͷ) ରশۭؒͱ͢Δ. ͜ͷͱ͖, x ∗ y := sy(x) ʹΑͬͯ

ೋ߲ԋࢉ ∗ ΛఆΊΔͱ, (X, ∗) ͸ΧϯυϧͰ͋Δ.

ূ໌͸௚઀ࢉܭ. ͪͳΈʹ, ରশۭؒͷ৚݅ (S2) Λ “∀x ∈ X, sx ͸શ୯ࣹ” ʹ؇ΊΔ

ͱ, Χϯυϧͱಉ஋ʹͳΔ. ͱ͍͏͜ͱͰҎԼͰ͸, Χϯυϧ΋ (X, s) Ͱද͢͜ͱͱ͢Δ.

͜ͷͱ͖ͷ s : X → Map(X,X) ΛΧϯυϧߏ଄ͱݺͿ.

໰୊ 1.5 (ࣗश༻). ໋୊ 1.4 Λࣔͤ.

2

(Q2) ∠⇒ Ux .aG
×

, TZEX : Sx (G ) = Y

<⇒ Vx ε× ,Sx:全単

歌
= :d( )



2 ରশۭؒͷྫ

ରশۭؒͷయܕతͳྫΛ͛ڍΔ. ͜͜Ͱ঺հ͢Δྫ͸, શͯίϯύΫτͳϦʔϚϯରশ

ۭؒʹͳ͍ͬͯΔ͕, ू߹ͱͯ͠ͷଆ໘ͷΈΛ঺հ͢Δ. ϢʔΫϦουۭؒ Rn+1 ্ͷඪ

४తͳ಺ੵΛ 〈, 〉 Ͱද͢.

ྫ 2.1. ໘ٿ Sn := {x ∈ Rn+1 | 〈x, x〉 = 1} ͸࣍ʹΑΓରশۭؒ:

sx(y) = −y + 2〈y, x〉x.

ͪͳΈʹ͜ͷ sx ͸, ௚ઢ Rx ʹؔ͢Δ “ંΓฦ͠” Λҙຯ͢Δ. ͢ͳΘͪ, y = ±x ͷ

ͱ͖ sx(y) = y Ͱ͋Γ, ·ͨ y ⊥ x ͷͱ͖ sx(y) = −y Ͱ͋Δ. ৚݅ (S1), (S2) ͷ֬ೝ

͸༰қ. ৚݅ (S3) ΋௚઀ࢉܭͰূ໌Ͱ͖Δ͕, ંΓฦ͠ʹؔ͢ΔҰൠతͳ໋୊Λ༻ҙͯ͠

͓͘ͱޙͰศར.
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͜͜ͰંΓฦ͠ʹؔ͢ΔҰൠతͳ໋୊Λ༻ҙ͓ͯ͘͠. ௚ަ܈Λ༻͍Δ:

O(n) := {g ∈ Mn(R) | tgg = In}
= {g ∈ Mn(R) | ∀v, w ∈ Rn, 〈gv, gw〉 = 〈v, w〉}.

໋୊ 2.2. V Λ Rn ಺ͷઢܕ෦෼ۭؒͱ͠, V ʹؔ͢ΔંΓฦ͠ rV : Rn → Rn Λ࣍Ͱ

ఆٛ͢Δ: rV (v + w) := v − w, ͨͩ͠ v ∈ V , w ∈ V ⊥. ͜ͷͱ͖ҎԼ͕੒Γཱͭ:

(1) r2V = id.;

(2) rV ∈ O(n);

(3) ∀g ∈ O(n), g ◦ rV = rg(V ) ◦ g.

໋୊ͷओு (2) Λࣔͨ͢Ίʹ͸, ಺ੵΛอͭ͜ͱΛ͑ݴ͹ྑ͍. ओு (3) ͸, V ্ͱ

V ⊥ ্Ͱ྆ลͷࣸ૾͕Ұக͢Δ͜ͱΛࣔͤ͹ྑ͍. ·ͨ, ͜ͷ໋୊Λ༻͍Ε͹, ໘ٿ Sn ͕

ରশۭؒͱͳΔ͜ͱ͕༰қʹূ໌Ͱ͖ΔͩΖ͏.
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ରশۭؒͷ࣍ͷྫͱͯ͠, ࣮άϥεϚϯଟ༷ମΛ͛ڍΔ (ଟ༷ମߏ଄ʹ͸৮Εͳ͍͕).

࣮άϥεϚϯ͸, ࣮ࣹӨۭؒͷҰൠԽͰ͋Δ.

ྫ 2.3. Gk(Rn) := {V ⊂ Rn | V ͸ Rn ಺ͷ k ෦෼ۭؒݩ࣍ } Λ ࣮άϥεϚϯ ͱΑͿ.

͜ͷ Gk(Rn) ͸࣍ʹΑΓରশۭؒ: sV (W ) := rV (W ) (͢ͳΘͪ, ંΓฦ͠ rV Ͱ W Λ

Ҡͨ͠ͱ͖ͷ૾).

ূ໌͸, ઌͷ໋୊ 2.2 ͔Β༰қͰ͋Ζ͏. ·ͨ, ఆ͔ٛΒ G1(Rn+1) = RPn (n ࣮ݩ࣍

ࣹӨۭؒ) Ͱ͋Δ͜ͱʹ஫ҙ͓ͯ͘͠. ఺ରশͷ֮ײΛ௫ΉͨΊʹ, .͓ͯ͘ݟͷྫΛ࣍ ͜

͜Ͱ, {x1, . . . , xk} ͰுΒΕΔϕΫτϧۭؒΛ, :ͷΑ͏ʹॻ࣍͘ʹͷ؆ུԽͷͨΊ߸ه

(x1, . . . , xk) := spanR{x1, . . . , xk}.

·ͨ {e1, . . . , en} Λ Rn ͷඪ४جఈͱ͢Δ.

ྫ 2.4. G2(R6) ʹରͯ͠, V0 := (e1, e2) ʹ͓͚Δ఺ରশ͸ҎԼΛΈͨ͢:

(1) sV0(e1, e3) = (e1, e3);

(2) sV0(e1, e2 + e3) = (e1, e2 − e3).
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3 ͦͷଞͷྫ: ༗࣮޲άϥεϚϯ

ͪͳΈʹάϥεϚϯʹ͸, ෳૉάϥεϚϯͳͲͷόϦΤʔγϣϯ΋͍͔ͭ͋͘Δ. ͜͜

Ͱ͸, ͦͷҰͭͱͯ͠, ༗࣮޲άϥεϚϯΛ঺հ͠Α͏.

ఆٛ 3.1. V ∈ Gk(Rn) ͱ͠, {v1, . . . , vk} ͱ {w1, . . . , wk} Λ V ͷॱং෇͖جఈͱ͢

Δ. ͜ΕΒ͕ ಉ͖͡޲ Ͱ͋Δͱ͸, :੒Γཱͭ͜ͱ͕࣍ ∃g ∈ GL(k,R) : det(g) > 0 ͔ͭ

(v1, . . . , vk) = (w1, . . . , wk)g.

ॱং෇͖جఈͷू߹ʹ͓͍ͯ, ಉ͖͡޲ͱ͍͏ؔ܎͸ಉ஋ؔ܎Ͱ͋Δ. ͦͷ঎ू߹ͷݩ

Λ [(v1, . . . , vk)] ͷΑ͏ʹද͠, V ͷ ͖޲ ͱΑͿ. ౰વͳ͕Β, ͸͖޲ 2 ͳ͍͔͠ݸ (ද

ͱཪ, ͋Δ͍͸ਖ਼ͱෛ, ͱ͑ߟΒΕΔ).

ྫ 3.2. Gk(Rn)∼ := {(V,σ) | V ∈ Gk(Rn), σ ͸ V ͷ͖޲ } Λ ༗࣮޲άϥεϚϯ ͱΑ
Ϳ. ͜ͷ Gk(Rn)∼ ͸ંΓฦ͠ rV ʹΑͬͯରশۭؒͱͳΔ.

ંΓฦ͠͸, ෦෼ۭؒΛ͖޲΋ࠐΊͯંΓฦ͢. ࣜͰॻ͘ͱ

sV (spanR{w1, . . . , wk}, [(w1, . . . , wk)])

= (rV (spanR{w1, . . . , wk}), [(rV (w1), . . . , rV (wk))]).

ྫ 3.3. G2(R6)∼ Λ͑ߟΔ. ͷ؆ུԽͷͨΊ߸ه (x1, x2) := (spanR{x1, x2}, [(x1, x2)])

ͱද͠, ͦͷ͖޲Λ൓సͤͨ͞΋ͷΛ −(x1, x2) Λॻ͘. ͜ͷͱ͖ҎԼ͕੒Γཱͭ:

(1) s(e1,e2)(e1, e3) = (e1,−e3) = −(e1, e3);

(2) s(e1,e2)(e3, e4) = (−e3,−e4) = (e3, e4).
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ରশۭؒͷ৔߹͸ଟ༷ମʹͳΔ΋ͷΛ͑ߟΔ͜ͱ͕ଟ͍͕, Χϯυϧͷ৔߹ʹ͸༗ݶͳ

΋ͷ΋ѻ͏. ͜͜Ͱ͸, άϥεϚϯ಺ͷ༗ݶ෦෼ू߹ͱͯ͠༩͑ΒΕΔΧϯυϧͷྫΛ঺

հ͢Δ. ҎԼΛ͑ߟΔ:

A(k, n) := {(ei1 , . . . , eik) ∈ Gk(Rn) | 1 ≤ i1 < · · · < ik ≤ n},
A(k, n)∼ := {±(ei1 , . . . , eik) ∈ Gk(Rn)∼ | 1 ≤ i1 < · · · < ik ≤ n}.

໋୊ 3.4. A(k, n) ͓Αͼ A(k, n)∼ ͸ҎԼΛΈͨ͢:

(1) A(k, n) ͷ্Ͱ఺ରশ͸ࣗ໌ (͢ͳΘͪ ∀V,W ∈ A(k, n), sV (W ) = W ).

(2) A(k, n)∼ ͸఺ରশͰด͡Δ (͢ͳΘͪ ∀V,W ∈ A(k, n)∼, sV (W ) = A(k, n)∼).

(3) A(k, n)∼ ্ͷ఺ରশ͸Մ׵ (͢ͳΘͪ ∀V,W ∈ A(k, n)∼, sV ◦ sW = sW ◦ sV ).

Ұൠʹ, Χϯυϧ಺ͷ෦෼ू߹ʹରͯ͠, ఺ରশ͕ࣗ໌ͳΒ͹Մ׵Ͱ͋Δ.

໰୊ 3.5 (Ϩϙʔτ໰୊). A(1, 2) ͸ G1(R2) ಺ʹ͓͍ͯ, ఺ରশ͕Մ׵ͳ෦෼ू߹Ͱ͋

Δ͕, ఺ରশ͕Մ׵ͳ෦෼ू߹ͱͯ͠͸ۃେͰͳ͍͜ͱΛࣔͤ.

ͪͳΈʹ A(1, 2) ͸ G1(R2) ಺ʹ͓͍ͯ, ఺ରশ͕ࣗ໌ͳू߹ͱͯ͠͸ۃେͰ͋Δ.
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