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Abstract

͋Β͢͡

(ى) Ϧʔ্܈ͷࠨෆมزԿߏ଄͸, ಛผͳزԿ
.څڙʹ଄ͷ۩ମྫΛ๛෋ߏ (Einstein ,ྔܭ
Ricci soliton, γϯϓϨΫςΟοΫ, ...)

(ঝ) ༩͑ΒΕͨϦʔ܈ʹର͠, ಛผͳࠨෆมز
Կߏ଄ͷଘࡏඇଘࡏͷ൑ఆ͸ॏཁ.

(స) ͜ͷଘࡏඇଘࡏ໰୊ʹؔͯ͠ʮϞδϡϥΠ
ۭؒʯ͔ΒͷΞϓϩʔνΛఏҊ.

(݁) ༷ʑͳزԿߏ଄ʹରͯ͠, ௨ͷ࿮૊ΈΛڞ
ఏڙ. ͍͔ͭ͘ͷ൑ఆ݁Ռͱ৽ͨͳ໰୊.

Note

• Based on several joint works.
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(ى) Ϧʔ্܈ͷࠨෆมزԿߏ଄͸, ಛผͳزԿߏ
଄ͷ۩ମྫΛ๛෋ʹڅڙ.

ྫ

• ࣮૒ۭؒۂ RHn:
વΔ΂͖ՄղϦʔࠨ+܈ෆมྔܭͱಉҰࢹ;

• ඇίϯύΫτܕϦʔϚϯରশۭؒ G/K :
ᖒ෼ղؠ G = KAN Λ௨ͯ͠ՄղϦʔ܈
AN ͱಉҰࢹ (RHn ͷ৔߹ͷҰൠԽ);

• Damek-Ricci ۭؒ:
વΔ΂͖ՄղϦʔࠨ+܈ෆมϦʔϚϯྔܭ,
Lichnerowicz ༧૝ͷ൓ྫ;

• খฏ-Thurston ଟ༷ମ:
Kähler Ͱͳ͍γϯϓϨΫςΟοΫଟ༷ମ.

ߟࢀ (Böhm-Lafente 2023)

• ౳࣭ϦʔϚϯଟ༷ମ͕ Einstein (Ricci
soliton), ෛεΧϥʔۂ཰
⇒ ՄղϦʔࠨ+܈ෆมྔܭͱ౳௕త.
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Introduction - (2/4)

(ঝ) ༩͑ΒΕͨϦʔ܈ʹର͠, ಛผͳࠨෆมزԿ
.ͷ൑ఆ͸ॏཁࡏඇଘࡏ଄ͷଘߏ

Note

• ಛผͳࠨෆมزԿߏ଄Λڐ༰͢ΔϦʔ܈ͷ
෼ྨ͕ಘΒΕ͍ͯΔͷ͸௿࣍ݩͷ৔߹ͷΈ.

G : Ϧʔ܈, g: G ͷϦʔ୅਺.

Ex 1

• ྔܭෆมٖϦʔϚϯࠨ} on G , ූ߸ (p, q)}
∼= {಺ੵ on g, ූ߸ (p, q)}
∼= GL(p + q,R)/O(p, q).

Ex 2

• ෆมඇୀԽࠨ} 2 ࣜܗ࣍ on G}
∼= {ඇୀԽ 2 ࣜܗ࣍ on g}
∼= GL(2n,R)/Sp(n,R).

Note

• ...গ্͕͠Δͱᥔ௵͠͸ෆՄೳ͕ݩ࣍
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(స) ͜ͷଘࡏඇଘࡏ໰୊ʹؔͯ͠ʮϞδϡϥΠۭ
ؒʯ͔ΒͷΞϓϩʔνΛఏҊ.

Setting

• ҎԼ G ͸୯࿈݁;
• Aut(G ) ∼= Aut(g).

Def. ͷྔܭෆมࠨ) moduli)

• R×Aut(g)\{಺ੵ on g, ූ߸ (p, q)}
(orbit space) Λ G ্ͷූ߸ (p, q) ͷࠨෆม
ͷྔܭ moduli ͱΑͿ.

Note

• R×Aut(g) ⊂ GL(p + q,R);
• R×Aut(g) ͰҠΔ ⇒ .౳௕త͕ྔܭ
• moduli ! {಺ੵ}/(౳௕ up to εΧϥʔ).
• ಛผͳߏ଄ͷ୳ࡧ͸ moduli Ͱ΍Ε͹े෼.

upコーラ ー
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(݁) ༷ʑͳزԿߏ଄ʹରͯ͠, ௨ͷ࿮૊ΈΛఏڞ
.ڙ ͍͔ͭ͘ͷ൑ఆ݁Ռͱ৽ͨͳ໰୊.

݁Ռͷ֓ཁ

• moduli Λ༻͍ͨಛผͳࠨෆมزԿߏ଄ͷଘ
ͷ൑ఆࡏɾඇଘࡏ (Milnor ࿮ͷҰൠԽ);

• ෦෼ଟ༷ମʹΑΔಛ௃෇͚ (΁ͷࢼΈ).

Ref. (Milnor 1976)

• g: 3-dim unimodular, 〈, 〉: inner product
⇒ ∃λ1,λ2,λ3, ∃{x1, x2, x3}: onb

[x1, x2] = λ3x3, [x2, x3] = λ1x1, [x3, x1] = λ2x2.

Note

• 3-dim unimodular Ϧʔ্܈ͷͷಛผͳࠨෆ
มϦʔϚϯྔܭͷ໰୊͸ղܾՄೳ.

• Milnor ͷఆཧͷূ໌͸ dim = 3 .ґଘ͘ڧʹ
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Riemannian Metrics - (1/3)

Recall

• moduli := R×Aut(g)\{ਖ਼ఆ஋಺ੵ on g}
∼= R×Aut(g)\GL(n,R)/O(n).

Ex. (Hashinaga-T. 2017)

• Consider g := span{e1, e2, e3} with a (= 1,
[e1, e2] = e2, [e1, e3] = ae3, [e2, e3] = 0.

• Then, for left-inv. Riem. metrics,

moduli ∼=









1 0 0
0 1 0
0 λ 1



 | λ ≥ 0





∼= [0,+∞).

• On the corresponding G , the metric is Ricci
soliton if and only if it corresponds to 0.

Cor.

• g as above, 〈, 〉 any inner product (ਖ਼ఆ஋);
⇒ ∃λ ≥ 0, ∃k > 0, ∃{x1, x2, x3} onb wrt k〈, 〉 :

[x1, x2] = x2 + λ(a − 1)x3, [x1, x3] = ax3,
[x2, x3] = 0.
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Riemannian Metrics - (2/3)

Ref. (Lauret 2003)

• the moduli space of g is 0-dim.
⇔ Rn (ablian), gRHn (Lie algebra of RHn),

h3 ⊕ Rn−3 (3-dim Heisenberg + abelian).

Note (Kodama-Takahara-T. 2011)

• Our moduli space gives simple proof of (⇐).

In the previous example, moduli ∼= [0,+∞),
• (metric) 0 ↔ Ricci soliton;
• (orbit) 0 ↔ an isolated orbit (⇒ minimal).

Thm. (Hashinaga-T. 2017)

If g is 3-dim. solvable, then TFAE:
• 〈, 〉 is Ricci soliton;
• R×Aut(g).〈, 〉 is an isolated orbit;
• R×Aut(g).〈, 〉 is a minimal orbit.
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Riemannian Metrics - (3/3)

Result
ҎԼʹ͍ͭͯ, ͷྔܭෆมϦʔϚϯࠨ moduli ͕ಘ
ΒΕ͍ͯΔ:

• dim(moduli) = 0 (moduli = {pt});
• dim(g) = 3;
• dim(g) = 4, solvable;
• almost abelian with dim(moduli) = 1, ...

Result
If g is almost abelian with 1-dim moduli, then TFAE:

• 〈, 〉 is Ricci soliton;
• R×Aut(g).〈, 〉 is an isolated orbit.

Ref. (Taketomi)

For any g,
• R×Aut(g).〈, 〉 is an isolated orbit.
⇒ 〈, 〉 is Ricci soliton.
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pseudo-Riemannian Metrics - (1/3)

Recall
moduli := R×Aut(g)\{಺ੵ on g, ූ߸ (p, q)}

∼= R×Aut(g)\GL(p + q,R)/O(p, q).

Note

• R×Aut(g) ! GL(p + q,R)/O(p, q) is not
always proper,

• so the moduli may be non-Hausdorff.

Thm. (Kubo-Onda-taketomi-T. 2016)

For g = gRHn (Lie algebra of RHn), and for p, q ≥ 1,
• moduli ∼= R+\R = {0,±1};
• every left-inv (p, q)-metric is const curvature.

• The Lorentz case is known by Nomizu (1979).
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pseudo-Riemannian Metrics - (2/3)

Result 1 (Kondo 2022, etc)

ҎԼʹ͍ͭͯ, ͷྔܭෆมٖϦʔϚϯࠨ moduli ͕
ಘΒΕ͍ͯΔ:

• ϦʔϚϯݸ1ྔܭͷ3ྻܥʹ͍ͭͯɺٖϦʔ
Ϛϯͷ moduli ͸༗ूݶ߹;

• Rn (ablian, ;(ݸ1ʹ߸ූ֤
• gRHn (ඇϦʔϚϯͷූ߸͝ͱʹ3ݸ);
• h3 ⊕ Rn−3 (ෳࡶ, p, q ≥ 3 ͳΒ21ݸ)

Result 2

• :Δ͖ىಓͷୀԽ͕ي
〈, 〉1→ 〈, 〉2 :⇔ R×Aut(g).〈, 〉1 1 〈, 〉2;

• ্ͷྫͰ͸, ୀԽͰ͕ྔܭ “վળ͞ΕΔ”.
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pseudo-Riemannian Metrics - (3/3)

Ex.
g = gRHn ্ͷࠨෆมٖϦʔϚϯྔܭʹ͍ͭͯ,

• (recall) moduli = R+\R = {0,±1};
• ୀԽ: −1→ 0← 1;
• :ͷੑ࣭ྔܭ શͯఆۂ཰, ஋͸ෛ, 0, ਖ਼ (ୀ
ԽʹΑΓฏୱʹͳΔ).

Open Problem

• ͍Ζ͍ΖͳϦʔ܈ͷࠨෆมٖϦʔϚϯྔܭ
ͷ moduli ͷܾఆ;

• .ͷҰൠ࿦܎ͷੑ࣭ͷؔྔܭಓͷୀԽͱي

.

X 7

- 1 古 さ
IRt - 1) = -00) 1 =(

O

. to)R

O = {0 S1R
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Symplectic Structures - (1/2)

Recall
moduli = R×Aut(g)\{ඇୀԽ 2 ࣜܗ࣍ on g}

∼= R×Aut(g)\GL(2n,R)/Sp(n,R).

Strategy

• ඇଘࡏ଄ͷଘߏෆมγϯϓϨΫςΟοΫࠨ
,Λௐ΂Δʹ͸ࡏ ͷࣜܗෆมඇୀԽೋ࣍ࠨ
தͰ, ดΛ୳͢.

Thm. (CastellanosMoscoso-T. 2023)

ඇୀԽ 2 ͷࣜܗ࣍ moduli ͸
• R2n: 1఺; ดࣜܗ;
• gRH2n: 1఺;, ด iff n = 1;

• h3 ⊕ R2n−3: 2఺ (n = 2) or 5఺ (n > 2); ด
.ࡏ͸Ұҙʹଘࣜܗ
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Symplectic Structures - (2/2)

Result 1
ҎԼʹ͍ͭͯ, ଄ͷଘߏෆมγϯϓϨΫςΟοΫࠨ
:Έࡁ൑ఆ͕ࡏඇଘࡏ

• dim g = 4;
• dim g = 6, (most of) solvable;
• ϦʔϚϯ͕ྔܭҰҙతͳ 3 ;ྻܥ
• almost abelian (in progress); ...

Result 2

• ͸ࣜܗಓͷୀԽͰೋ࣍ي “վળ͞ΕΔ”
(dω ͷ Ker ͷ͕࣍ݩඇ૿Ճ).
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Ongoing Studies

Def.
(M , g ,∇) ͕ ౷ܭଟ༷ମ if

• M mfd, g ϦʔϚϯྔܭ, ∇ ᎇ཰ 0 ઀ଓ,
• ∇g ͕ରশ.

Def.

• LStat := {G ্ͷϦʔϚϯྔܭ}× S3(g∗)
Λ ,଄ͷۭؒߏܭෆม౷ࠨ

• R+Aut(g)\LStat Λ moduli ۭؒ.

Note

• (g ,C ) ∈ LStat ͔Β౷ߏܭ଄ (g ,∇) ΛಘΔ:
∇XY := K (X ,Y )−∇g

XY .
w/ g(K (·, ·), ·) = C (·, ·, ·), ∇g Levi-Civita.

Result (Kobayashi-Ohno-Okuda-T.)

• ͷྻܥҰҙతͳ3͕ྔܭෆมϦʔϚϯࠨ
Ϧʔ܈ʹର͠, ଄Ͱߏܭෆม౷ࠨ ໾ରڞ“
শ”, “૒ରฏୱ” ͳ΋ͷΛ෼ྨ.

左木受
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Summary

Summary

• ༩͑ΒΕͨϦʔ্܈ͷಛผͳࠨෆมزԿߏ
଄ͷଘࡏඇଘࡏ໰୊ʹؔͯ͠, ʮϞδϡϥ
Πۭؒʯ͔ΒͷΞϓϩʔνΛఏҊ.

• ༷ʑͳزԿߏ଄ʹରͯ͠, ௨ͷ࿮૊ΈΛڞ
ఏڙ. ͍͔ͭ͘ͷ൑ఆ݁Ռ, ಓͷੑ࣭Ͱಛي
ผͳߏ଄Λಛ௃෇͚Δ৽ͨͳ໰୊Λఏࣔ.
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Thank you very much!


