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Introduction
@000

Introduction - (1/4)

() U —BE FFE AL TR 1, T2 5 T
5 D BRI % 8512 (60

il

S A ZEE] RA:
INDNE AR — B+ ARG & & A — i
AN MY — < UXFRRZER] G/K:
SENE G = KAN 2@ L Calfg) —fif
AN & [ —# (RH" D6 O —fikfb);
Damek-Ricci Z2[t]:

REXNZO[fRY) — B+ AR — < VEteE,
Lichnerowicz 48D

JINE-Thurston 2 5R4A:

Kihler T2\ v T Lo T 1w 7 %8R4IR

2% (Bohm-Lafente 2023)

o FH —< VEZRRKD Einstein (Ricci

soliton), BL A 71 7 — il
= AR — B+ AR E EFRWN.
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Note

. EF%E':'J&ET SRS 2 FFR T D U —HED
TRDE SN TV D DIFEIRITT D E D A

g

G:V—8 g G DY —RE
Ex 1

o {EAZHY —<VitE on G, #5 (p,q)}
= {l’\ﬁ* on g, {15 (p,q)}
= GL(p+ q,R)/O(p, q).

Ex 2
o {EAZIEM 2 KIEA on G}
= {HBAE 2 IRIE A on g}
= GL(2n,R)/Sp(n, R).
Note
o RLHAU LS L &AELUIEA S
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Setting

o LIF G ITHLHERE;
o Aut(G) = Aut(g).

Def. (ZEAZETED moduli)

o R*Aut(g)\{W™¥ on g, fF5 (p,q)}
(orbit space) = G EDFRI5 (p,q) DEASZE
EFED moduli & XX

Note

R*Aut(g) C GL(p + q,R);

R*Aut(g) THK 5 = SRR, 7\15’5"‘
moduli — { N }/(F & up to A7 7 —).
B 7 k& D ERER IE moduli TX X457
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(#5) hA< R8T RE (2 U T, el oMl A 2 42
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o B oD R

o moduli & I\ 7RSI A R TR D 17
15 - SEAEAEDHIRE (Milnor Fed—#AE),
o WHLREIKIZ X BT (~DRH)

Sy

Ref. (Milnor 1976)

e g: 3-dim unimodular, {,): inner product
= A1, Ao, A3, F{xq,x,x3}: onb
[x1, xo] = A3x3, [x2, x3] = A1x1, [x3, X1] = Aoxo.

Note

e 3-dim unimodular V —#% E D DRERI 72 A A
2 — < VEt=E O ME XM EE.
e Milnor DEH DEEHIX dim = 3 1258 < &K 1FE.
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Recall

e moduli := R*Aut(g)\{ IEEMHEHN on g}
= R*Aut(g)\GL(n,R)/O(n).

Ex. (Hashinaga-T. 2017)

e Consider g := span{ey, e, e3} with a # 1,
e1, 0] = &, [e1, €3] = aes, [ep, €3] = 0.

e Then, for left-inv. Riem. metrics,
100 )

moduli = 010 ] | A>0, =]0,+00).

0AN1 )

® On the corresponding G, the metric is Ricci
soliton if and only if it corresponds to 0.

Cor.

g as above, (,) any inner product (1IEE/H);
= JA >0, dk >0, I{xq, x0, x3} onb wrt k(, ) :
[x1, %] = xo + Ala —1)x3, [x1, x3] = ax3,
[x2, x3] = 0.
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Ref. (Lauret 2003)

e the moduli space of g is 0-dim.
< R” (ablian), grpn (Lie algebra of RH"),
h3 @ R"3 (3-dim Heisenberg + abelian).

Note (Kodama-Takahara-T. 2011)

® Our moduli space gives simple proof of (<).

In the previous example, moduli = [0, +00),
e (metric) 0 < Ricci soliton;
e (orbit) 0 <> an isolated orbit (= minimal).

Thm. (Hashinaga-T. 2017)

If g is 3-dim. solvable, then TFAE:
e (,) is Ricci soliton;
o R*Aut(g).(,) is an isolated orbit;
o R*Aut(g).(,) is a minimal orbit.
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Result

A2 oWT, EARY =< VEHED moduli 33
S5NTWVW5S:

dim(moduli) = 0 (moduli = {pt});

dim(g) = 3;

dim(g) = 4, solvable;

almost abelian with dim(moduli) =1, ...

Result

If g is almost abelian with 1-dim moduli, then TFAE:
e (,) is Ricci soliton;
o R*Aut(g).(,) is an isolated orbit.

Ref. (Taketomi)

For any g,
e R*Aut(g).(,) is an isolated orbit.
= (, ) is Ricci soliton.
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Recall
moduli := R*Aut(g)\{ N#¥ on g, &5 (p, q)}
= R*Aut(g)\GL(p + ¢,R)/O(p, q).
Note
o R*Aut(g) ~ GL(p+ q,R)/O(p, q) is not

always proper,
e so the moduli may be non-Hausdorff.

Thm. (Kubo-Onda-taketomi-T. 2016)

For g = gppn (Lie algebra of RH"), and for p,q > 1,
e moduli 2 RT\R = {0, &1};

e every left-inv (p, g)-metric is const curvature.

® The Lorentz case is known by Nomizu (1979).
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Result 1 (Kondo 2022, etc)

PARIZDOWT, EAZEY) —~< VEFED moduli 73
BoNnTW5:
o )—UEtE1IEDIRINZDOWNWT, #HY —
< > ® moduli IZBIRES:
o R" (ablian, HfF=1Z 1{#);
o grun (BEV —< VDS T & 12 3(/);
o K3 R"3 (M, p, g >3 725 211H)

Result 2

o HEDRIMNEE 5:
(1= ()2 = RXAut(g).(,)1 2 ()2
o LODOHITIX BILTEtED “"EI NS
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Ex.
g =gryn LOEARE) —< VEHEIZDOWT,
e (recall) moduli=R*T\R = {0, £1};
o Bfkh: —1 =0« 1
o FlEDOME: £ TEH:?
RIZ X DT D).

Jr%f

: ffIRE, 0 T (B

x G
Uét&ﬂ = C—QQO) @1 — (O\TQD3

:{Q[]

C 5

Open Problem

e WAWALY —HDOLEANERY —< VitE
@D moduli DPLLE:
o HIEDRILEFEDHEDEBRD —Ken
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Symplectic Structures - (1/2)

Recall

moduli = R*Aut(g)\{ FFi&1t 2 XT3\ on g}
= R*Aut(g)\GL(2n,R)/Sp(n, R).

Strategy

o EREI VTV I T 4w 7REEDEMLIEE
£ 2R B2, EAEIERIE_IREAD
T, Bz T

Thm. (CastellanosMoscoso-T. 2023)
HEAL 2 {ﬁﬂ/ﬁ@ modull I

® gpen 1,"5\,, F?'El |fF n=1
e B3R 3: 255 (n=2)or 55 (n>2); B
N i—‘E' ﬁﬁ
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Symplectic Structures - (2/2)

Result 1
ARIZDOWT, EAREY VTV I T 149 JREEDE
TEFEAFAE DRI E HF A

e dimg =4

e dimg =6, (most of) solvable;

o U —<VEIEMN—EMNLR 3 RS,

® almost abelian (in progress); ...

Result 2
o HEDBITIKIEAILX “EI NS
(dw D Ker DIRIuAHFELEN).
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Ongoing Studies

Def.

(M, g, V) D $REtZRRAE if
e Mmfd, gV —<rElgE, V IEX 0 B,
o Vg MNFL.

Def.
© ARY
o [Stat:={G LEDVU—< iEt&E) x S3(g*)

© EARRETEEDZEME,
e RTAut(g)\LStat Z moduli ZEfA].

Note
o (g,C) € LStat S HiGEIEE (g,V) 215 5:
VxY :=K(X,Y)-V§Y.
w/ g(K(:,-),-) = C(-,-,-), V& Levi-Civita.

Result (Kobayashi-Ohno-Okuda-T.)

o EAERY) —< VEtEdh—ENL 3R D
) —FEIZN U, EARHEHEE T LR
R COBORPEIH” 70 d O % 4.
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Summary

Summary

o 5z o7 —FE EDRR R 2 AR K fa] i
EDFEIEFEMEICEALT, TEVa T
1 2B/ oD T Ta—F zigE

o Rk~ IRAMIFEEIZX U T, el DM A %
fefit. WL O DHERGR, BB DME T
A 72 hid 2 RHEUN VT A 3 7 R R 2 {7
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Thank you very much!



